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Mode-n Product

Mode-n product B = A×n M

B(. . . , in−1, jn, in+1, . . .) =
∑

in

A(. . . , in−1, in, in+1, . . .)M(jn, in)

B A M= ×1

= ×
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Tensor Factorizations/Approximations

A = or ≈ S ×1 U (1) ×2 U (2) × · · · ×N U (N)

A

S

U
(1)

U
(2

)

U
(3

)

=
≈

When S is diagonal,
∑r

i=1 sii...i u
(1)
i ⊗ u

(2)
i ⊗ · · · ⊗ u

(N)
i .
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Tensor Factorizations/Approximations

A = S ×1 U (1) ×2 U (2) × · · · ×N U (N)

What can be done and what cannot be done?

Strict equality:

S diagonal: Always.

S diagonal with a minimum number (r) of nonzeros: Tensor
rank problem. NP-complete over a finite field, and NP-hard for
rational numbers. [Håstad 1990]

Above case, and A symmetric: Homogeneous polynomial
decomposition. [Comon et al 2008; Brachat et al 2009]

Each U (n) orthogonal: HOSVD. [De Lathauwer et al 2000]

S diagonal, each U (n) orthogonal: Rare.
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Tensor Factorizations/Approximations

A ≈ S ×1 U (1) ×2 U (2) × · · · ×N U (N)

What can be done and what cannot be done?

Approximation in an optimal sense:

S diagonal: CANDECOMP/PARAFAC. Optimum may not
exist; ill-posed. [Harshman 1970; Carroll and Chang 1970; De Silva and Lim

2008]

Each U (n) orthogonal: Tucker/HOOI. [Tucker 1966; De Lathauwer

et al 2000]

S scalar, each U (n) a vector: Optimal rank-1 approximation.
[De Lathauwer et al 2000; Zhang and Golub 2001; Kofidis and Regalia 2001]

S diagonal, each U (n) orthogonal: LROAT.
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LROAT

Low Rank Orthogonal Approximation of Tensor A:

min E =
∥

∥

∥
A−

∑r
i=1σiu

(1)
i ⊗ u

(2)
i ⊗ · · · ⊗ u

(N)
i

∥

∥

∥

F

s.t.
〈

u
(n)
j , u

(n)
k

〉

= δjk, for n = 1, 2, . . . , N.

In mode-n product form, this is

min
∥

∥

∥
A− S ×1 U (1) ×2 U (2) × · · · ×N U (N)

∥

∥

∥

F
,

where S is diagonal (with diagonal entries σi’s),

u
(n)
i ’s are the orthonormal columns of U (n).
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LROAT: Properties

A −
∑r

i=1σi u
(1)
i ⊗ u

(2)
i ⊗ · · · ⊗ u

(N)
i

size d1 × d2 × · · · × dN Ti

rank(
∑r

i=1 σiTi) = r.

(Guaranteed by the linear independence of the u
(n)
i vectors.)

At optimality,

σi = 〈A,Ti〉F = A×1 u
(1)
i

T
×2 u

(2)
i

T
× · · · ×N u

(N)
i

T
,

‖A −
∑r

i=1σiTi‖
2
F

= ‖A‖2F −
∑r

i=1σ
2
i .

Hence, min ‖A −
∑r

i=1σiTi‖
2
F

= max
∑r

i=1σ
2
i .

The global optimum exists for all r ≤ min{d1, . . . , dN}.
(Because the feasible region is compact.)
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LROAT: Maximal Diagonal

From a different perspective, let

Ũ (n) =
[

U (n), U (n)⊥
]

square orthogonal matrix.

Define

S̃ = A×1 Ũ (1)T ×2 Ũ (2)T × · · · ×N Ũ (N)T .

Then

A = S̃ ×1 Ũ (1) ×2 Ũ (2) × · · · ×N Ũ (N).

The diagonal entries of S̃ are nothing but σi’s.

LROAT is equivalent to the maximal diagonality problem.
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LROAT: Equivalent Problem

What to be presented, is an iterative algorithm to solve:

max E =

r
∑

i=1

(

A×1 u
(1)
i

T
×2 u

(2)
i

T
× · · · ×N u

(N)
i

T
)2

s.t.
〈

u
(n)
j , u

(n)
k

〉

= δjk, for n = 1, 2, . . . , N.

Bare a few questions in mind:

1. Is the optimization problem well-posed? (Yes.)

2. Does the algorithm converge?

3. Where does it converge to?

4. How fast does it converge?
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LROAT: First Order Condition

Lagrangian:

L =
∑r

i=1σ
2
i −

∑r
j,k=1

∑N
n=1µ

n
j,k

(〈

u
(n)
j , u

(n)
k

〉

− δjk

)

.

Define

v
(n)
i = A×1u

(1)
i

T
×· · ·×n−1u

(n−1)
i

T
×n+1u

(n+1)
i

T
×· · ·×Nu

(N)
i

T
∈ R

dn .

Set the gradient of Lagrangian to zero:

∂L

∂u
(n)
i

= 2σiv
(n)
i −

r
∑

j=1

µn
j,iu

(n)
j −

r
∑

k=1

µn
i,ku

(n)
k = 0.
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LROAT: First Order Condition

In matrix form,

[

v
(n)
1 · · · v

(n)
r

]







σ1

. . .

σr






=

[

u
(n)
1 · · · u

(n)
r

]









µn

1,1
+µn

1,1

2 · · ·
µn

1,r
+µn

r,1

2
...

. . .
...

µn

r,1
+µn

1,r

2 · · ·
µn

r,r
+µn

r,r

2









.

V (n)Σ = U (n)M (n)

Interpret U (n)M (n) as the polar factoraization of the matrix V (n)Σ.
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LROAT: Algorithm

V (n)Σ = U (n)M (n)

Algorithm:

1: Initialize each U (n)

2: repeat
3: for n← 1, . . . , N do

4: Compute V (n)

5: Compute Σ

6: Update U (n) ← polar-factor(V (n)Σ)
7: end for
8: until convergence
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LROAT: Convergence

Each update increases the objective
∑r

i=1 σ2
i .

Use the fact that
∑r

i=1 σ2
i = tr

(

U (n)T V (n)Σ
)

.

This implies at least the objective function value converges.

Every limit point of the parameter (u
(n)
i ’s) sequence is

stationary, i.e., in the limit, V (n)Σ = U (n)M (n) is satisfied for
n = 1, . . . , N .

Proved by a fixed point lemma, applied to the fixed point

mapping V (n)Σ→ U (n).

Requires that V (n) does not become rank deficient during
iterations.
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LROAT: A Few Notes

The method is in general not an alternating least squares /
block coordinate descent method. (Each update does not

maximize
∑r

i=1 σ2
i .)

When r = 1, the method boils down to alternating least
squares / higher-order power method, for computing the
optimal rank-1 approximation.

Symmetric LROAT?

Case: A is symmetric. Requires: U (n) be the same for all n.

First order condition: V Σ = UM .

Similar update: U ← polar-factor(V Σ).

However, not always converge! (The objective
∑r

i=1 σ2
i no

longer monotonically increases.)
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LROAT: Rate of Convergence
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Random tensor, 20× 16× 10× 32, r = 5. LROAT
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LROAT: Rate of Convergence
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rank-5 + noise, 20× 16× 10× 32, r = 5. LROAT
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LROAT: Rate of Convergence
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i2+j2+k2 , 10× 10× 10, r = 5. Symmetric LROAT
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LROAT: Rate of Convergence

0 20 40 60 80 100
10

−0.7

10
−0.5

10
−0.3

10
−0.1

10
0.1

10
0.3

Convergence History of U

iterations

Symmetric LROAT

0 20 40 60 80 100
10

−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

Convergence History of U(n)’s

iterations

 

 

U(1)

U(2)

U(3)

U(4)

LROAT

Symmetric tensor, 3× 3× 3× 3, r = 2.
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Comparison: LROAT, Tucker and PARAFAC

Generate A = C + ρD ∈ R
10×10×10×10, where

C =
∑5

i=1 σiui ⊗ ui ⊗ ui ⊗ ui (ui orthonormal),

D is a symmetric random tensor,

ρ = 0.05 ‖C‖F / ‖D‖F .

Approximate A by three models: LROAT, Tucker, PARAFAC.

Compare for each approximated tensor:

Difference between the factor matrix and U = [u1, . . . , u5].

How large is the residual?

The algorithm for Tucker and PARAFAC: alternating least
squares.
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Comparison: LROAT, Tucker and PARAFAC

U ULROAT UTucker UPARAFAC

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

−.16 +.05

−.61 −.33

+.05 +.22

+.11 −.79 · · ·

−.42 +.00

+.44 +.01

+.44 −.34

.

..

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

−.16 +.05

−.62 −.34

+.04 +.22

+.11 −.79 · · ·
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.

..
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7

7

7

7

7

7

7

7

7

7

7
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−.16 +.05

−.61 −.33

+.04 +.22

+.11 −.79 · · ·

−.42 +.00

+.44 +.01

+.44 −.34
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..

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

‖U − ULROAT‖ = 0.0535, ‖U − UTucker‖ = 0.5711, ‖U − UPARAFAC‖ = 0.0680.

‖A −ALROAT‖F

‖A‖
F

= 9.69%,
‖A −ATucker‖F

‖A‖
F

= 9.42%,
‖A −APARAFAC‖F

‖A‖
F

= 9.65%.
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Conclusion

A new approximation model—diagonal core, orthogonal factor
matrices.

An algorithm that guarantees convergence.

Empirically linear convergence.

Can be used to maximize the diagonal of the core.

Can be useful for certain applications where the tensor itself
has orthogonal factors.
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